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The long-term evolution of a large constellation of nanosatellites is investigated using closed-form analytical
methods. A set of partial differential equations is derived, the solution to which provides the evolution of the mean
spatial number density of the constellation under the action of air drag, on-orbitsatellite failures, and the deposition
of new satellites into the constellation. These solutions give insight into the global dynamics and long-term evolution
of large constellations of nanosatellites and display some interesting physical features. In particular, asymptotic
solutions provided the steady-state distribution of nanosatellites and an estimate of the required rate of deposition

of new nanosatellites to maintain the constellation.

Nomenclature
a = drag-inducedacceleration
B ballistic coefficient
H = atmospheric scale height
n = number density
R = reference radius
r = radial coordinate
z
n
0
u
P

= out-of-plane coordinate
= mean failure rate

= azimuthal coordinate

= gravitational parameter
= air density

po = base density at radius R
o = orbital angular velocity

I. Introduction

ANOSATELLITES are seen as a low-cost means of enabling

a diverse range of innovative new mission applications.! De-
velopments in miniaturization using microelectromechanica sys-
tems (MEMS) technology leads to projected nanosatellite masses
of less than 1 kg. In some instances, simple satellites-on-a-chipmay
have a mass of order 1073 kg (sometimes termed picosatellites).>
A particularly attractive concept is the use of large numbers of
such nanosatellites (or picosatellites) to form constellationsto allow
the real-time acquisition of distributed information. For example, a
spherical constellation of nanosatellites has been proposed to pro-
vide a real-time, three-dimensional view of the magnetosphere?
Each nanosatellite can be thought of as a pixel (a so-called pixie) of
a three-dimensional data set. To provide good spatial and temporal
resolution for such a mission, large numbers of nanosatellites are
required. For MEMS fabricated nanosatellites, with a mass of order
0.1 kg or less, constellations may contain several thousand mem-
bers. Because these ultralow mass satellites may be passive sensors
without active orbit control, environmental effects such as air drag
will shape the evolution of the constellation.

Other concepts have envisaged large numbers (>10%) of
nanosatellites to be deployed from a dispenser to provide a con-
tinuous planar ring of satellites for communicationpurposes’ Such
constellations would be formed by dispensing nanosatellites over a
range of orbit radii at the same inclination to induce differential az-
imuthal motion, thus forming a uniformring. With a large number of
satellitesin essentiallyrandom azimuthal locations,communication
links become robust to on-orbit failures. Furthermore, the constel-
lation is only short-lived because air drag will eventually remove
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all of the nanosatellites. Such concepts are attractive for military
communications, where the constellationis deployed from a single
launch vehicle and formed to supporta dedicated remote operation.
A related concept requires clusters of nanosatellites to be launched
into random orbits to provide a uniform spherical constellation,
possibly as piggyback launches on any available vehicle.® Analysis
shows that 400 nanosatellites can provide ~95% coverage of the
globe. The constellation would require the continual deposition of
new nanosatellitesto make up for losses from on-orbit failures and
air drag removal.

Whereas such missions will provide new opportunities for space
science and communications, they also pose interesting new prob-
lems in orbital dynamics. Because of their low mass and cross
section, nanosatellites will have a ballistic coefficient that is sig-
nificantly different from conventional satellites> For a satellite of
characteristic dimension /, its mass will scale as I, whereas its
crossection will scale as /2. As the satellite shrinks in physical size,
its area-to-massratio will, therefore, increase as /! so that air drag,
and, in high orbits, light pressure, will provide major perturbations.
Inaddition,becauseof the large numberof nanosatellitesthatmay be
used to form a single mission constellation, the population dynam-
ics of the constellation becomes important. Once the constellation
is formed, differential air drag will induce shearing motion on the
radial distribution of nanosatellitesand, in the absence of active or-
bit control, will remove those members of the constellation at low
altitudes. Similarly, random on-orbit failures will deplete the con-
stellation while the launch and deposition of new nanosatellites will
replenish the constellation.

In this paper the evolution of constellations of large numbers
of nanosatellites will be investigated. It will be assumed that the
nanosatellites form either a uniform planar ring constellation, or
a uniform spherical constellation, as discussed earlier. Therefore,
the constellation will be characterized by the mean spatial number
density of nanosatellitesas a function of both orbit radius and time.
Using approaches developed for studies of orbit debris evolution,
partial differential equations will be derived that describe the tem-
poral and spatial evolution of some initial distribution of nanosatel-
lites. These equations are essentially continuity equations that rep-
resent the effect of differential air drag on the radial distribution of
nanosatellites, random on-orbit failures, and the deposition of new
nanosatellites to replenish and maintain the constellation. Analyti-
cal solutions to the continuity equations will be obtained using the
method of characteristics. These solutions then illustrate the effect
of various processes on the evolution of the constellation. The long-
term, asymptotic distribution of nanosatellitesis also obtained, and
an inverse problem posed. The inverse problem provides the re-
quired mean depositionrate of new nanosatellitesto maintain some
required steady-state constellation. Although the modeling of the
dynamics of the constellationis relatively simple, the analysis pro-
vides analytic solutions, and therefore insight, into the long-term
population dynamics of nanosatellite constellations.
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II. Constellation Formation

Before investigating the evolution of nanosatellite constellations,
their formation will briefly be investigated. Dispersal methods for
conventional,actively controlled constellationsare well established
whereby a dispenseris used to maneuver and place each satellite at
an appropriateazimuthal position. Because of the large energy costs
associated with significant plane changes, each dispenser will typi-
cally form only a single plane of the constellation. For a nanosatel-
lite constellation, careful azimuthal positioning of each satellite is
unimportant because large numbers of uncontrolled nanosatellites
provide a mean, uniform distribution. In this case, differential az-
imuthal motion due to differences in orbit radius will provide a
uniform distribution of nanosatellites. Typically, the dispenser will
inject nanosatellitesinto the constellationover a range of orbit radii
to provide such differentialazimuthal motion, as discussedin Sec. I.
By the use of a range of orbit planes and differential nodal drift, a
spherical constellation can also be formed, as shown in Fig. 1.

The timescale required to obtain a uniform azimuthal distribution
of nanosatellites can be estimated from the differential azimuthal
rates of the nanosatellites. For a circular orbit of radius r the orbital
angular velocity is given by

a)=\/,u/r3 (1)

Therefore, the azimuthal rate of a nanosatellite on a neighboring
circular orbit separated by Ar may be written as

2
Ao =LAr )
or

The time to obtain a uniform azimuthal distribution of nanosatel-
lites can now be estimated from the time required for the leading
nanosatellite at orbit radius r to complete one orbit relative to the
trailing nanosatellite at orbit radius r + Ar. This is just the synodic
period of the two satellites. Therefore, the time to obtain a uniform
distribution Ty is defined by Tp| A w| =27 so that

Ty ~ (4x/3J0)(r [ Ar) 3)

This timescale is shown in Fig. 2 for arange of orbit separations Ar.
Even for a relatively narrow distribution of orbit radii, the timescale
will be short relative to the timescale for orbit decay due to air drag.
For aplanarconstellationit will, therefore,be assumed that the mean
constellation number density is a function of orbit radius and time
only.

To establish a spherical constellation of nanosatellites, a more
complex dispersalstrategy is required. For such a spherical distribu-
tion the nanosatellitesmust be dispersed with a uniformdistribution
in latitudethatin fact requires a uniformascendingnode distribution
but a nonuniform inclination distribution. Whereas a uniform dis-
tribution in orbit azimuth can be obtained by exploiting differential
azimuthal motion, a uniform distribution in an ascending node is
more problematic. Differential nodal drift due to Earth oblatness is
a candidate mechanism for dispersal; however, the differentialrates
are exceedingly slow. A truly uniform spherical constellation can
then only be established by either a maneuvering dispenser or sev-
eral launches. Because of the significant energy required to rotate
the dispenser orbit plane, a single dispenser will only form part of
the constellation. Launches of clusters of nanosatellites to various
orbital planes will, therefore, be required to complete the formation
of a spherical constellation. Alternatively piggyback launches of
clusters of nanosatelliteson any available vehicle may also be used
to assemble a spherical constellation, as discussed in Sec. L.
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Fig.1 Planar and spherical constellations of nanosatellites.
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Fig.2 Azimuthal dispersal timescale.
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III. Evolution Equation for a Planar Constellation

In this initial analysis, it will be assumed that the constellation
of nanosatellites forms a planar, near equatorial disk. The disk will
be formed through differential azimuthal motion, as described in
Sec. II. The timescale for azimuthal dispersal Ty will be assumed
to be small relative to the timescale for evolution of the radial pro-
file of the constellation under the action of air drag. An individual
nanosatellite will be located within the constellationusing cylindri-
cal polar coordinates (r, 0, z), as shown in Fig. 3. The nanosatellite
will then have a velocity vector (v,, vy, v.) where the z component
of velocity will be assumed to be negligible due to the low inclina-
tion of the constellation disk. Under the slow action of air drag, the
satellite transverse velocity will be near Keplerian so that

v, = —f(r, B) (42)
vo ~fulr (4b)
v.~0 (4¢)

where the inward drift velocity v, (<vy) is a function of orbit ra-
dius and the nanosatelliteballistic coefficient B. Although this anal-
ysis will consider nanosatellites with a single ballistic coefficient,
the evolution of a distribution of ballistic coefficients may be ob-
tained by a superpositionof mean spatial number density solutions.
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Fig.4 Constellation population dynamics.

Because the inward drift velocity is a function of altitude only, the
nanosatellite radial density distribution will be sheared due to dif-
ferential air drag. An initial disk that is radially compact soon after
formation will diffuse downward and will be sheared into a more
extended form.

If the nanosatellites are assumed to be distributed uniformly in
azimuth on a near equatorial disk, the constellation may be charac-
terized by a mean spatial number density n(r, ). An annulus of the
constellationbounded by or in the interval [r, r + Ar] will contain
2xr Arn(r, t) nanosatellites,as shown in Fig. 3. Therefore, the rate
of change of the number of nanosatellites is obtained by consid-
ering the flow to and from this control volume from neighboring
annuli, while allowing for the addition and removal of nanosatel-
lites, namely,

aa—t[anArn(r, D] =2rrv,(r)n(r,t) = 2x(r + Ar)v,.(r + Ar)

Xn(r + Ar, t) + 2zrAr[n*(r) — 2 (r)] (5)

The deposition of new nanosatellites is described by n*(r, ),
whereas the failure of existingnanosatellitesis describedby 7™ (r, t).
This process is shown schematically in Fig. 4. The radial drift rate
and density function may now be expanded to first order. Then,
taking the limit Ar — 0 it is found that

b + li[rvr(r)n(r, Nl =n"(r) —n(r) (6)
ot ror

which is a continuity equation for the mean number density of
nanosatellites. It is this partial differential equation that describes
the evolution of the nanosatellite constellationas a function of both
orbit radius and time. Differentiating the second term and recog-
nizing that v, is a function of altitude only, Eq. (6) may be written
as

an(r, t) +an(r, 1) [M+

—v,.(r)+n(r, 1) )

I N
e Hpor =)

(M
where the prime represents a differentiation with respect to r. This
linear partial differential equation may now be solved using the

method of characteristics (for example, see Ref. 8). In particular,
the solution to Eq. (7) is obtained from the identity

AT USRI B L
—n(r, )| —+—|v,(N+a"(rHN—-n"(r)| dn=v.(r)" dr =dt
v.(r)y r
®
which provides two ordinary differential equations, namely,
d
T =0 (%)

ve(r) r v (r)

dn((irr’t)+n(r,t)[vr(r)+l]= : [ (r) —n~(r)] (9b)

Equation (9a) represents the family of characteristics of the partial
differential equation. It can be seen that the characteristics are de-
fined by the inward spiral trajectories of the nanosatellites. After
solving Eq. (9a) to obtain the characteristics, the evolution equation
[Eq. (9b)] may be solved to obtain the expected number density of
nanosatellites under the action of air drag and various models for
the forcing terms 71*(r) and 71~ (r). As will be seen, the solution of
the partial differential equation will require some initial datan(r, 0),
representing the initial distribution of nanosatellites. This is the so-
called Cauchy boundary value problem for the partial differential
equation.

IV. Solution of the Characteristic Equation

To integrate Eq. (9a), it is necessary to obtain the radial drift
velocity v, due to air drag. This drift velocity may be obtained
from the rate of loss of energy due to the nonconservative drag
acceleration. The drag acceleration exerted on a nanosatellite of
ballistic coefficient B is modeled in this study as

a=1B""p(ry’, p(r) = pyexpl—(r — R)/H] (10)
where the air density p(r) is modeled by a single exponential func-
tion with scale height H and base density p, at some reference
radius R. A scale height of 60 km is used with a base density of
5 X107 kg -m~3 at reference altitude of 200 km (R =6571 km).
This provides an approximate fit to the observed air density profile.’
Because of rapid orbit decay below 200 km, nanosatellites below
this altitude are considered to be lost from the constellation. For a
nanosatellite of mass m, cross section A, and drag coefficient Cp,
the ballistic coefficient is m/ Cp A. The nanosatellite ballistic coef-
ficient is chosen to be 20 kg - m™2, representativeof a 0.1-kg, 5-cm
cubic nanosatellite with a body density of 800 kg -m™. A pure sil-
icon nanosatellite would have a body density of 2.3 X 103 kg -m™3.
Because the drag acceleration acts opposite to the nanosatellite ve-
locity vector, the rate of loss of energy E of the satellite is then
given by dE/dt = —vya. Furthermore, for a near circular orbit of
radius r, the instantaneous energy £ = —u/2r. Then, using the ap-
proximation vy ~ /(u/r), the radial drift velocity may be written
as

v.(r) ~ —Jur B~ pyexp[—(r — R)/ H] (1)

so that the characteristicequation is now obtained from

j explr/ H]
N

where C is a constant of integration. This integration may be easily
performed if the approximationis made that /r ~ /R. In the con-
textof Eq. (12), this requiresthat the changein nanosatellite velocity
is ignored relative to the change in air density, which is accurate to
order 1072 for altitudesbelow 10° km (Ref. 9). If this approximation
is not made Eq. (12) may still be integrated, although the solution
is obtained in terms of the error function erf(r ). The characteristics
of the partial differential equation are now given by

R
dr + et =C, g = \/ﬁB_lpgexp[E] (12)

explr/H] + (¢ VR/H)t = C, ¢ =—(eJR/H)C (13)

which may be written as G(r, t) =C. The family of characteristics
shown in Fig. 5 clearly demonstrates the significant air drag expe-
rienced by nanosatellites and the shearing effect due to differential
air drag. It is this shearing motion that will have a major influence
on the long-term dynamics of the nanosatellite constellation.

V. Solution of the Evolution Equation
for a Planar Constellation

Having obtained the characteristics of the partial differential
equation, the evolution equation [Eq. (9b)] can now be solved us-
ing standard solution methods for ordinary differential equations.
For illustration, the forcing terms 7* (r, t) and 71~ (r, t) will first be
removed so that the solution describes the evolution of some initial
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Fig.5 Family of characteristics for nanosatellites with a ballistic coef-
ficient of 20 kg m™2.

distribution of nanosatellites under the action of air drag only. This
is of directrelevance for some mission applications> Then, Eq. (9b)
becomes

dn(r, t) vi(r)y 1]
d_r + n(r, t)[vr(r) + 7] —0 (14)

which can be solved directly to obtain the free decay of the constel-
lation as

bufn(r, )} = tafrv, ()" + P[G(r,1)] 15)

Because we are ultimately solving a partial differential equation,
the term W[G(r, t)] is an arbitrary function of the characteristic
equation that must be now determined from the initial distribution
of nanosatellites n(r, 0). For illustration, the nanosatellite constel-
lation will now be modeled using a Gaussian distribution of mean
number density with orbit radius. This will be used to represent the
distribution of nanosatellites after they have dispersed in azimuth
into a uniform thin disk, as discussedin Sec. II. Therefore, the initial
number density of the distribution will be written as

n(r, 0) =n,, exp[—A(r —r,,)?] (16)

where the parameters n,, and A describe the shape of the initial
distribution with the peak density occurring at orbit radius r,,. Al-
though this functional form has been chosen for illustration, other
initial distributionscan, of course, be considered. From Eq. (15), the
unknown function ¥ may now be obtained from n(r, 0), the initial
data for the solution at t =0, as

Y(z) = fn{ My exp[—l(Hﬁnz — r,,,)z]} — fn{ —EZ_I(H&VZ)%}

)

with independent variable z = G(r, 0) = exp(r/ H). The solution
of the evolution equation for this initial Gaussian distribution then
becomes

fn{ n(r, t)} = En{ —8r%exp[—r/H]} -

+‘Y{exp[r/H]+(8\/;/H)t} (18)

The solution shown in Fig. 6a illustrates the evolution of an initially
narrow Gaussian distribution of nanosatellitescentred at an altitude
of 700 km. The parameter n,, has been taken to be unity so that the
solutions are nondimensional. It can be seen that the width of the
distribution increases as the shearing motion due to the differential
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Fig. 6a Evolution of a narrow Gaussian distribution of nanosatellites
in a planar constellation: 1, ¢ = 0 days; 2, ¢t = 100 days; and 3, ¢ = 200
days.
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Fig.6b Evolution of a broad Gaussian distribution of nanosatellites in
a planar constellation: 1, ¢ = 0 days; 2, ¢ = 100 days; and 3, ¢ = 200 days.

air drag acts on the constellation. Moreover, due to the broadening
of the distribution, the peak number density rapidly falls. For a
wider initial distribution, however, the nanosatellitesat low altitude
decay fasterthanthe distributioncan be replenishedfrom above. The
altitudeof peak density then moves outward throughthe distribution,
as shown in Fig. 6b. Therefore, under certain conditions the peak
density of the constellationin fact moves to higher altitudes and not,
as expected, to lower altitudes.

VI. Evolution Equation for a Spherical Constellation

The evolution of a spherical constellation of nanosatellites can
also be obtained using the methods already described. In this case
the nanosatellites will be dispersed in both azimuth and inclination
and ascending node to provide a spherically symmetric constella-
tion. By considering the continuity of nanosatellites in a spherical
shell of thickness Ar, an evolution equation can again be obtained.
In this case a shell of the constellation bounded by the interval
[r,r + Ar] will contain 47r2Arn(r, t) nanosatellites. Using the
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continuity arguments of Sec. III, the evolution equation is found
to be
on(r,t) 10, . _
—— + ——|rev,(rn(r, )| =a"(r) —a (r 19
Y rZar[ (Mn(r, 1] ) (r) (19
Again, this partial differential equation may be separated into two
ordinarydifferentialequationsrepresentingthe characteristicsof the
problem and the evolutionof the mean number density of nanosatel-
lites, namely,

% =v,.(r) (20a)
dn(r, t) 2 V() R o
R + n(r, t)[; + v,(r)] = v,(r)[n (r)—n~(r)]  (20b)

The characteristicequationfor the spherical constellationis identical
to that of the planar case, defined by Eq. (13). Therefore, solutions
to Eq. (20b) represent the evolution of the mean number density of
nanosatellites under the action of air drag and various models for
the forcing terms 7i* (r, t) and = (r, 1).

VII. Solution of the Evolution Equation
for a Spherical Constellation
Free Evolution
If the forcing terms n*(r,t) and rn~(r,t) are removed from
Eq. (20b), standard solution methods provide the mean number den-
sity of nanosatellites under the action of air drag alone as

ba{n(r, )} = b P29, (1)) T+ WIG(r, 1)] 1)

where W[G(r, )] is again an arbitrary function of the character-
istic equation that must be obtained from the initial distribution
of nanosatellites n(r, 0) to satisfy the boundary conditions of the
Cauchy problem. For illustration, the nanosatellite constellation
will now be modeled using a modified Gaussian distribution of
nanosatellite number density. Again, this represents the distribu-
tion of nanosatellitesafter they have been uniformly dispersed. The
initial number density of the distribution will now be defined as

n(r, 0) =n,, exp[—A(r — r,,)¥] (22)

where the parameter x shapes the profile of the initial distribution,
with large values of x generating a flat distribution. Again, this
functional form is used for illustration. Other initial distributions
can of course be considered. The solution shown in Fig. 7 illustrates
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Fig. 7 Evolution of a flat distribution of nanosatellites in a spherical
constellation: 1,7 = 0 days; 2, ¢ = 20 days; 3, ¢ =200 days; and 4,7 = 1000
days.

the evolutionofa broad, flatdistribution(kx = 6) centredat an altitude
of 700 km. Again, the parameter n,, has been taken to be unity so
thatthe solutionsare nondimensional.It can be seen that the width of
the distribution decreases as the shearing motion due to differential
air drag acts on the constellation. For this wide initial distribution,
the nanosatellites at low altitudes decay faster than the distribution
can be replenished from above. The altitude of peak density then
moves outward, leaving a persistent high altitude Gaussian-type
distribution.

Forced Evolution

The preceding analysis has considered the evolution of an initial
distributionof nanosatellitesunder the action of air drag only. To ex-
tend the analysis, functions will be added to describe the deposition
of new nanosatellitesinto the distributionand the on-orbitfailure of
existing nanosatellites. Whereas the characteristicequation remains
unchanged,anew evolutionequation mustnow be solved. Retaining
the forcing terms, it can be seen that Eq. (20b) has an integrating
factor rv,(r) and so can be written as

d
E[”(” Driv(r)] =t r) — = ()] (23)

If the forcing terms are time independent, Eq. (23) then integrates
directly to

n(r,t) = j r}nt(ry —a~(r)]dr + P[G(r,1)] (24)

r2v,(r)

Then, by the substitution of appropriate functions for n*(r) and
n~(r) in Eq. (24), the long-term evolution of the nanosatellite con-
stellation can be investigated. Whereas 77 (r, ) can be used to de-
scribe the removal or failure of nanosatellites, truly random failure
requires a somewhat more complex analysis.

Evolution with On-Orbit Failures

In any large constellation of nanosatellites, on-orbit failure will
have implications for the long-term viability of the system. In gen-
eral, such failures are likely to be random uncorrelated events, so
that the mean failure rate is directly proportional to the number den-
sity of nanosatellites. Therefore, if the nanosatellites have a fixed
mean failurerate of 7, the rate of removal of active satellitesn ™ (r, t)
becomes

A= (r,t) = —nu(r, t) (25)

which is time dependant, even for a constant mean failure rate. By
the assumption that there is no deposition of new nanosatellites,
the term 72* (r) can be removed and so the evolution equation now
becomes

dn(r, t) +

n(r,t)[z+w+ 0 ]:0 (26)
dr r

V() v

Again, standard solution methods yield the mean number density of
nanosatellites with a constant mean failure rate as

bafn(r, )} = ] v, (1)) " + (nH [ & VR) explr/ H] + W[G(r, 1)]

27

The initial distribution defined by Eq. (22) will again be used to
illustrate the effect of random failures. The evolution of the constel-
lation with a mean failure rate of 107 s™! (correspondingto a mean
nanosatellitelifetime of 3.17 years) is shown in Fig. 8. It can be seen
that the constellationdecays as before due to air drag, with on-orbit
failures reducing the overall number density of nanosatellites. Be-
cause the removal rate is proportional to the nanosatellite number
density,on-orbit failure is of little consequenceto those members of
the constellationat low altitudes thathave a shortlife due to air drag.
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Fig. 8 Evolution of a flat distribution of nanosatellites with random

on-orbit failures: 1, ¢ = 0 days; 2, ¢ = 20 days; 3, ¢ = 200 days; 4,7 = 1000
days; , failures; and - - -, no failures.

Evolution with Deposition of New Nanosatellites

Whereason-orbitfailurecanbe arelativelyminor effectcompared
todifferentialair drag, the depositionof new nanosatelliteswill have
amajor effect on the populationdynamics of the constellation.It has
been seen that differential air drag quickly removes nanosatellites
from low orbits so that the deposition of new nanosatellites may
be required to maintain a uniform constellation. This is of particu-
lar importance for schemes with nanosatellites that have no active
propulsion? It will be assumed that the long-term, mean deposi-
tion rate is time independent, with nanosatellites being dispensed
as discussed in Sec. II and that the deposition is centered on some
particular orbit radius. Then, for illustration, the evolution of the
constellation will now be considered with a Gaussian deposition
function of the form

it (r) = n, exp[—y(r — ry)?] (28)

where the depositionof new nanosatellitesis centeredat orbitradius
r4. Other functional forms for 2* (r) can of course be considered.
By assuming that the terms 72~ (r) can be ignored, Eq. (24) provides
the mean number density of nanosatellitesas

znm [if( L+ 2yr)erf[ V7 (r —ra)]
r V,(r) 4)/5

n(r,t) =

+
- % exp[—7(r — rd)z]] +

Y[G(r,n)] (29)

2, (r)

The evolution of the initial flat distribution defined by Eq. (22) is
shown in Fig. 9 with the depositionof new nanosatellitescentered at
an altitude of 700 km with a mean depositionrate of 2 X 1077 s71. It
can be seen that, while the deposition of new nanosatellites replen-
ishes the distribution in the vicinity of orbit radius r,, the constel-
lation still decays under the action of air drag. Deposition of new
nanosatellitesin this way is therefore unable to maintain a uniform
distribution due to the rapid shearing of nanosatellitesin low orbits
by differential air drag. The asymptotic limit of the distribution as
t— o0 can now be obtained to assess the steady-state distribution
of the constellation.

Asymptotic Distribution
The steady-statedistribution of nanosatellitesunder the action of
deposition and air drag can be obtained by setting on(r, t)/0t =0.
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Fig.9 Evolutionof a flat distribution of nanosatellites with deposition:
1,¢ =0 days; 2,¢ = 200 days; and 3, ¢ = 2000 days.
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Fig. 10 Asymptotic distribution of nanosatellites.

Then, Eq. (19) provides the steady-state distribution of nanosatel-
lites 1o, (1) for some deposition function 7™ (r) as

] r*ant(r)ydr + D (30)

r2v,(r)

where D is a constantof integration. The steady-statedistributionfor
the deposition function discussed earlier is shown in Fig. 10. It can
be seen thatin the limitas  — oo a persistent Gaussian-typedistri-
bution remains, centered at orbit radius r,. Rather than propose de-
position functions 71* (r) and calculate the steady-state distribution
of nanosatellites,Eq. (19) can be used to solve the inverse problem.

The inverse problem is posed by finding the mean deposition
rate required to obtain some desired steady-state distribution of
nanosatellites n (r). Ignoring on-orbit failures and applying the
steady-state condition to Eq. (19) yields

10
it (r) = ;E[rzvr(mnw ] (31
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Fig. 11 Required deposition rate for a uniform steady-state distribu-
tion.

For example, if a uniform distribution of nanosatellitesis required,
such that ns (r) =n, is constant, the mean deposition rate is ob-
tained from Eq. (31) as

A*(r) = (evRn,[2r)[r/2H — 1] exp[—r/ H] (32)

The functional form of this deposition profile is shown in Fig. 11,
nondimensionalizingthe deposition rate relative to that required at
an altitude of 200 km. It can be seen that rapid depositionis required
at low altitudes to replenish the constellation because the transport
of nanosatellites to lower orbits by differential air drag is insuffi-
cient to maintain a uniform distribution. If a uniform distributionis
only required at higher altitudes, then a much more modest mean
deposition rate is required. However, Eq. (32) demonstrates that
the deposition of new nanosatellites must be biased toward lower
altitudes if a uniform distribution is required, as expected.

VIII. Conclusions

A simple analytical model has been developed to investigate the
long-term evolution of nanosatellite constellations under the action
of air drag, on-orbit satellite failures, and the deposition of new
satellites into the constellation. It has been shown that, due to the
shearing effect of differential drag, an initially compact constella-
tion broadens, as expected. However, under certain conditions, it
has been found that the peak nanosatellite number density, in fact,
moves outward, through the constellation. With a mean deposition
functionadded to represent the addition of new nanosatellitesto the
constellation, the long-term evolution of the entire constellationcan
be investigated. Finally, asymptotic methods allow the steady-state
distribution of nanosatellites to be evaluated. Given some required
steady-state distribution, an inverse approach allows the required
deposition rate of new nanosatellite to be determined.
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